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Abstract 

We find a minimal set of constraints which are independent of the choice of weak 
fSJ ' quark basis and necessary and sufficient for CP conservation for four quark families, 

OA ■ including also the case of degenerate quark masses. These invariant conditions are 

written in the mass eigenstate basis as a function of the fermion masses and charged 
current mixings. CP violation is then related to the areas of three unitarity quadran- 
I gles and the CP violating eflects of the fourth family are discussed in the case of small 

mixings. 

in ' Pacs: 11.30.Er, 12.15.Ff, 14.65.-q, 14.80.-j 

o ■ 

^ '. 1 Introduction. 

^ , 

The observed CP violation in the K'^-K'' system is accounted for in the standard model by 
Q^l the Cabibbo-Kobayashi-Maskawa (CKM) matrix Q. There is only one CP violating phase 

for three families of quarks. If a fourth family exists, there are three CP violating phases 
[^. Although the invisible width excludes a fourth generation with a light neutrino 
an extra heavy family is not ruled out In fact, the deviation from the pattern of 
^ ' CP violation expected for three families, for instance, in b physics may signal to a fourth 

quark generation 

The CKM matrix is defined in the quark mass eigenstate basis and therefore, it is not 
invariant under arbitrary unitary transformations of the quark basis. For three fermion 
families it has been identified a quantity invariant under quark basis transformations whose 
vanishing characterizes CP conservation [^i 

/ = det [M„Mt,MrfM]] =0, (1) 

where M^^d are the up and down mass matrices. This invariant formulation makes apparent 
the necessary and sufficient conditions for CP conservation (i). Thus 

T n-f 2 2\f 2 2\/ 2 2\/ 2 2\/ 2 2\/ 2 2\ 

X ImiVudV^V^sV:,), (2) 
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where is the mass of the quark i and Vij is the ij entry of the CKM matrix, implies that 
CP is conserved if some up or down quark masses are degenerate or a product yijVkj^kiV*i , 
* 7^ Ji k ^ I is real. On the other hand, any CP violating observable is proportional to the 
factors in Eq. (|2|) which then give the size of CP violation (ii). This invariant formulation 
also allows to decide in any weak basis if CP is conserved (in). It also motivates model 
building (iv) and it can eventually help to understand the origin of CP violation if for some 
reason a definite model (weak basis) is physically distinguished (u). In three dimensions 



tr [M^MlMdM^f 



31. 



(3) 



Hence this trace is also imaginary (see Eq. (^) ) and proportional to the area ^ of a 
triangle with sides VudV^, VusV*^, VubV^ and angles 0i_3 with 

sin 01 = I sin arg (KdV^^^Ks^CJ I > 
sin 02 = I sin arg (Ks KsKbKTb) I ' 
sin 03 = I sin arg {VubV*f,VcdV*d)\ 



in the complex plane (see Fig. |T|) 



tr [M^MlMaM^f oc Im (K^Kd^c^K* 



2A. 



(4) 



Hence the vanishing of any angle (side) of this triangle stands for CP conservation. A 
b factory will help to determine the triangle better and to verify if the pattern of CP 
violation corresponds to the existence of three families only [10|. (In this case other 
equivalent triangles resulting from the unitarity of the CKM matrix and involving the b 
quark may be more convenient 0, ^, |lO[.) 



VubV, 



V V* 
yus ^cs 




VudV^ 



Figure 1: Unitarity triangle 
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In this paper we revise the analogous formulation for four quark families. There is a 
large literature on the subject and many of our results have been first obtained by other 
authors pA|. We have taken advantage of the extensive use of symbolic programs as 
Mathematica [12| for the detailed proofs and for obtaining explicit results [13|. Very often 
it was necessary educated guessing to avoid otherwise unmanageable intermediate expres- 
sions. When this was possible it could be traced back to a deeper, sometimes already 
known reason. A set of conditions independent of the choice of weak quark basis and nec- 
essary and sufficient for CP conservation for four generations was found for nondegenerate 
quark masses in Ref. |11|. First we extend this set to also include the case of degenerate 
quark masses. Afterwards we write these invariant quantities as a function of physical 
parameters, i.e. quark masses and products of CKM matrix elements independent of the 
choice of the phases of quark mass eigenstates. Then the requirement that the area of 
the triangle in Eq. vanishes if CP is conserved for three families is generalized to the 
vanishing of the areas of three quadrangles for four generations . Finally we comment 
on the realistic case of small mixings. 



2 Complete set of invariant constraints for CP conservation. 

In the standard model with families the quark mass term can be written, after sponta- 
neous symmetry breaking, 

- ^mass = UlMuUr + diUddR + h.c, (5) 

where ul,r, dL,R are weak eigenstates. This Lagrangian is invariant under a CP transfor- 
mation leaving the SU(2)l x U(1)y gauge interactions unchanged 

UL UlCuI , UR U^Cu*p, , 

dL ^ UiCdl , dR ^ UiCd*j^ , (6) 

where C is the Dirac charge-conjugation matrix and Ul, ^r'^ are 4x4 unitary matrices, 
if 

uIMuU^ = m:, uiMdUi = M*,. (7) 

Thus CP is conserved if Ul, U^'^ exist fulfilling Eq. In the standard model with 

only one Higgs doublet are unobservable. Hence, as an arbitrary complex matrix 
can be written as the product of a hermitian matrix with non-negative eigenvalues times 
a unitary matrix, M^^d can be assumed to be hermitian with non-negative eigenvalues. 
Then, 

uIhJJl = K , ulHdUL = (8) 
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where Hu = M^MI, = M^M^, are also necessary and sufficient conditions for CP 
conservation. Under unitary transformations of the left-handed fields the trace of any 
product of matrices Hy^ ^ is invariant. Therefore, Eq. (|^) implies 

lmtv{HZ^HfHZ^-..H^/) = 0. (9) 

with (pi, . . . ,pr) an arbitrary sequence of positive integers. Eqs. @, which are inde- 
pendent of the choice of quark basis, are also necessary and sufficient conditions for CP 



invariance |11|. However, in practice one is interested in finding a minimal subset of these 
necessary and sufficient conditions. For = 3 there is one such condition necessary and 
sufficient for CP conservation, 

Im tr {HlHdHuHl) = 0, (10) 

where Im tr {H^HdHuHj) = -gim tr [Hu,Hd]^ in Eq. (|). For = 4 there are six 
conditions for CP invariance for nondegenerate quark masses, defined by the sequences 
(2,1,1,2), (2,1,1,3), (2,2,1,3), (1,1,1,2,1,3), (3,1,1,2), (3,1,1,3) in Eq. (|) 0. For the 
degenerate case two more constraints must be added. In the Appendix we prove that a 
minimal set of these constraints consists of 



h 


= Im ti (HlHdHuHj) 


= 0, 


h 


= ImtriH^HdHuHj) 


= 0, 


h 


= Im ti (HtHdHuHj 


- HuHdHlHj) = 0, 


h 


= lmii{HlHdH^Hl 


~ ^u^dHuHj + H'^HdH^HdHuHd) = 0, 


h 


= Im tT (HlHdHuHl) 


= 0, 


h 


= ImtriH^HdH^Hl) 


= 0, 


h 


= Im ti (HlHdHuHj 


- HuHdHuHf) = 0, 


h 


= lmii{HlHdH^Hl 


~ ^u^d^uHj + HuHdHuHjHuHj^) = 0. 



(11) 

The important terms in 13,4,7,8 are the sequences (3, 1, 2, 2), (3,1,2,1,1,1), (2,2,1,3), 
(1,1,1,2,1,3), respectively. The other terms are added to obtain more compact expres- 
sions later. We order /1-8 conventionally by increasing number of Hd factors because we 
assume diagonal and Hd hermitian (as it can be done without loss of generality) and 
in our proof the expressions for the first conditions are simpler with this choice. At any 
rate the full set is symmetric under the interchange of Hu and Hd- For the nondegenerate 
case the sets Ii-q = and Ii 2 5-8 = are both enough to guarantee CP conservation. 



The second set is essentially the same as in Ref. [11], whereas the first one results from 
the interchange of H^ and Hd- (In Ref. [11| H^ was assumed to be hermitian and Hd 
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diagonal. Then it was natural to look at the conditions with smaller number of Hu fac- 
tors.) Obviously, the symmetry of both sets is due to the impossibility of distinguishing 
up and down quarks in Eqs. (|5|,^. That the complete set is necessary and sufficient for 
CP conservation even for degenerate quark masses must be proven. We obtain this set of 
constraints looking for all the invariant expressions with p = Pi + P2 + ■ ' ' + Pr < 9 in Eq. 
(P) and not identically zero. Invariants related by the cyclic property of the trace and/or 
the hermiticity of H^^d are counted once. We find one (/i) with p = 6; two (12,5) with 
p = 7; six with p = 8 including the two terms of I^j and Igj a-nd fourteen with p = 9, 
including the three terms of /4^8. Then we solve the vanishing conditions with increasing 
p till we have no CP violating solution left. The set in Eq. ( pT[ ) is minimal in the sense 
that any other subset of constraints with lower p is not sufficient to guarantee CP conser- 
vation. There are many other choices of complete sets. For instance, for nondegenerate 
quark masses I4 in the complete set Ii^q could be replaced by /y and 

Ig = Im tr {H^HdHuHj^ — H'^HdH^H^), 
ho = Im tr {H^HdHuHj - H^HjHuH^), 

hi = Im tr {H^HdHuHj - Hf^HjHuH^ - H^^HaH^Hj + H^HjHlH^) (12) 
(see below). The proofs of the completeness of these sets were based in the properties of 



hermitian matrices in Ref. |11] and in the power of symbolic programs to solve explicitly 
the constraints here. These conditions satisfy points (iii), (iv), (v) for four families. In 
order to discuss points (z), (ii) we have to write these constraints in the mass eigenstate 
basis, i.e. as a function of quark masses and charged current mixings. 



3 Invariant formulation of CP violation in the mass eigen- 
state basis. 

If we write Hu = diag {m\,m'2,rn^,rn\), Hd = Vckm diag {ni,n2,nl,n1) V^j^j^ where 1, 
2, 3, 4 stand for n, c, t, t' in and d, s, b, b' in H^, and Vckm is the unitary matrix 
diagonalizing Hd, Eqs. ([Ill , |l^) read 

h = Yl Gihj;k,l), 

i<j,k<l 

h = {rrii +mj + ml) G{i,j;k,l), 

i<j,k<l 

h = Y i'^i +^t) G{i,j;k,l), 

i<j,k<l 

h = Y i'^l + nf + nl) G{i,j;k,l), 

i<j,k<l 
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h 


i<j,k<l 


1 2\ / 2 1 2 1 2^ 


G{i,j;k,l), 


h 


i<j,k<l 


1 4\ / 2 1 2 1 2^ 


G{i,j;k,l), 


h 


= Y i'^k + nf + nl) G{i,j;k,l), 

i<j,k<l 




ho 


i<j,k<l 


+ "T-D + "-f + nX, 


G{i,j;k,l), 


hi 


i<j,k<l 


+ "T-l) (n| + nf + n^; 


G{i,j;k,l), 


) = 


1 2 2\( 2 

— (m^- — ra^)[m,/^ - 


2n/ 2 2n/ 2 


2\ / 2 2 

nfc)(n4 -n^ 



(13) 



with 

G{i,j;k,l) = -{m^j -mi){ml-mi){ml-rnj){nf -nl){nl-nl){nl-nf^ 

X lm{VikV;,VjiV*,). (14) 

/4^8 involve in principle the imaginary parts of products of six CKM matrix elements. 
However, all of these (96) can be written in terms of only one of them plus products 
of Im (^ifc^fc^i^j; ) times the modulus of a CKM matrix element squared. Although the 
term with the imaginary part of six Vckm matrix elements cancels in 14^8, their expressions 
are still too long to be written here. We could also try to write Im iVikV*i^VjiV*i) and then 
la as a function of the 3 CP violating phases parametrizing the CKM matrix in the four 
family case. With this purpose we could use for instance the parametrization of Vckm 



in Ref. [|14[. However, due to the relatively complicated dependence of Vij on these 3 
phases the expressions for Iq, are too long to write them here. Im {VikV*j^VjiV*i) = 0; 
i < j , k < I; k, I = 1,2,3 form also a set of necessary and sufficient constraints for CP 



conservation for four quark generations [15|. These conditions are invariant only under 



quark eigenstate phase redefinitions. The cancellation of these 9 quantities guarantees that 
Vckm can be made real and viceversa. Unitarity allows for other choices of 9 conditions, 
for instance involving also the fourth family. We conventionally choose not to do so at 
present. Thus Eqs. (|l^) prove that Ii_3^5_7^9_ii are necessary and sufficient constraints 
for CP conservation in the case of nondegenerate fermion masses, because they are linear in 
Im {VikV*f^VjiV*i) and independent. Now points (i), (ii) can be answered: CP is conserved 
if there are three up (down) degenerate masses, three pairs of degenerate masses or the 9 
quantities Im (yikV*f^VjiV*i) are zero. (In the degenerate case one also requires 14^8 = 0- ) 
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4 CP violating effects of a fourth family. 



Im VikV^*i.VjiV*i can be measured in the mass eigenstate basis and one of them at least 
must be non-zero if CP is violated. This can be summarized with three quadrangles in 
the complex plane. The sides of the quadrangles are for example the products of the 
elements of the first line of the CKM matrix times the elements of the second line complex 
conjugate, whose sum is zero by unitarity (see Fig. ^) 



(15) 



(16) 



VudV^d + Vusv:, + Vubv;, + Vub'v;,, = o. 

The area of the convex quadrangle drawn with these products is 

A, = i{|Im(KdKd^csK*JI + |Im(KsK:W6)l + IIm(K6KlK^^ 
+ \lm{Vub'V:,,V,dV:,)\}, 

whereas the angles are the arguments of the four-products, 

sin 01 = I sin arg (KdKd^csKTJ I > 

sin (j)2 = I sin arg {VusV*sVcbV*h) \ , 

sin 03 = I sin ar g ( V;*j, Vcb' V*^, ) | , 

sin 04 = I sin arg (Kfe' Vcb' I • 

Hence the vanishing of the area of the quadrangle means that the four terms in Eq. ( [l6|) 
vanish and viceversa. One can consider also the quadrangles and areas resulting from 
multiplying the first and third rows or the second and third ones. Thus the vanishing 
of Auc,ut,ct means that the corresponding 12 terms on the right-hand side vanish, and it 
is easy to convince oneself using the unitarity of the CKM matrix that this is equivalent 
to the cancellation of the 9 independent quantities Im iVikV*f^VjiV*i) involving only the 
first three families and therefore to CP invariance |jl5[. A numerical update of the present 
limits for a fourth family will be presented elsewhere. For illustration purposes, however, 
let us assume that the thesis in Ref [IT^l holds and 



1 

A 

A3 

2 



A 
1 

A2 

A 



A3 

A2 

1 

A 



A2 

A 
A 
1 



(17) 



A^ 



with A = |V^s| = 0.22 [|17|]. In this case the quadrangles have areas Auc ~ A , A^t 
Act ~ A^, respectively. If the fourth family does not mix, Vib' = Vf/j = 0, i = u,c,t; j = 
d,s,b, the three quadrangles collapse to three triangles (shaded region of the quadrangle 
in Fig. 0) with the same area yl ~ A^ in Eq. (H). 
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Figure 2: Unitarity quadrangle 

A Appendix. 

Hu is diagonal, {Hu)ij = mf5ij, with rrii the mass of the up quark i, and hermitian with 
{Hd)ij = Uij, Hij = n*j. Let us define dij = m-| - mf, C{i,j, k) = dijdjkdki Im nijUjknki, 
then 

/i = V C{i,j,k), (18) 



E 

i<j<k 

(mf + + m|) C(i, j, A;), 

i<j<k 

{mf + nv-+ ml) C{i,j, k), 

i<j<k 

Y (mf + m^+ml) C{i,j,k). 

i<j<k 



The determinant of the coefficients of the C's is just nj<j(™'j ~ so in the case of 
nondegenerate quark masses /i_4 = imply C(i,j, k) = and all the three-cycles nijUjknki 
are real. However, there are still CP violating solutions with rijj = riki = 0, where i, j, fe, I 
are four distinct indices. In Ref. |11], this is identified as the only case in which the reality 



of the three-cycles does not imply the reality of the four-cycles nijnjknkinn. Due to the 
symmetry of the problem, we can assume ni2 = n^^ = 0. In this case all the four-cycles 
but ?T-i3n32n24ra4i are real. If ni2 = 7134 = 0, 

h = (ii2d34 (m-i 7712 - ms - 7714) Im ni3n32n24?T-4i, 

h = di2d34{ml + mim2 + ml-ml-m3m4-ml)lmni3n32n24:n4i, 
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then Is^e = imply Im ni3?7,32n24ra4i = and CP conservation. 

In the case of degenerate masses we can assume without loss of generality mf = ml, 
ni2 = 0. In this case /2-4 are proportional to Ii, 

h = (nii + n33 + n44) C(l,3,4) + (n22 + n33 + n44) C(2,3,4) 

and Jg is a linear combination of Ii^^. We can distinguish two subcases. If nn = 71-22, 
we can transform Hd and assume 7123 = 0. Then Ii = guarantees CP conservation. If 
nil 7^ n22-, Ii and I5 still have two CP violating solutions corresponding to 7134 = and 
ni^ = ml. In the latter case we can transform and also assume 7134 = 0. If mi = m2, 
ni2 = "34 = 0, 

I7 = di3 d4i {nil - "22) Im ni37Z32ri24n4i, 

h = di3 dii (nil - n22)idi4n4A - dismiss) Im 711371327x24^41, 

and 77,8 = ensure CP conservation. 
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